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Problem 21-61

Show that the angular velocity of a body, in terms of Euler angles 4, fand ywmay be expressed as
® = (¢ sindsiny+ G cosy) i + (4 sinfcosy— G siny) j + (¢ cosd+ ) k, where i, j, and k
are directed along the x, y, z axes as shown in Fig. 21-15d.

Solution:

From Fig. 21 - 15b, due to rotation ¢, the X, y, z components of ¢ are simply ¢ along z axis

From Fig. 21 - 15c, due to rotation 6, the x, y, z components of ¢ and & are ¢ sin@in the y
direction, ¢ cos@in the z direction, and & in the x direction.

Lastly, rotation y; Fig 21 - 15d, produces the final components which yields

o = (¢'sin(0)sin(y) + 0 cos(y)i + (¢ sin(6) cos(y) ~ Fsin(y))i + (g eos() + Wk g p

Problem 21-62

A thin rod is initially coincident with the Z axis when it is given three rotations defined by the Euler
angles ¢, 6 and . If these rotations are given in the order stated, determine the coordinate direction
angles «, S, y of the axis of the rod with respect to the X, Y, and Z axes. Are these directions the

same for any order of the rotations? Why?

Given:
¢ = 30 deg
6 = 45 deg
w = 60 deg
Solution:

cos(¢) —sin(¢) 01

u=|sin(g) cos(g) 010 cos(¢) —sin(6)

0 cos(z//) —sin(z//) 0)/0
sin(y/) cos(z//) 01l 0

0 0 1)lo sin(6) cos(0) 0 o 1)1
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a a 69.3
Bl = acos(u) B | =1|127.8 |deg
7 y 45.0

The last rotation () does not affect the result because the rod just spins around its own axis.

The order of application of the rotations does affect the final result since rotational position is not a
vector quantity.

Problem 21-63

The turbine on a ship has mass M and is mounted on bearings A and B as shown. Its center of mass
is at G, its radius of gyration is k,, and k, = k. If it is spinning at angular velocity @, determine the

vertical reactions at the bearings when the ship undergoes each of the following motions: (a) rolling
ay, (b) turning @,, (c) pitching ;.

Units Used: y
kN = 1000 N
1_.51}_-_
Given:
rad
w = 200 — k; =03 m )
S .
rad = 5o /
w =02 — a=08m : L,-H“““-a
S
b=13m
rad
@y =08 —
S
rad
w3 =14 —
S
Solution:
kZ 0 0
Ic=M 0 Kk’ 0
0 0 k?

Guesses

770



Engineering Mechanics - Dynamics Chapter 21

(@) Rolling Given
Ax Bx 0 0
Ay + By + —Mg = O N
0 0 0 0
0 Ax 0 Bx 0 0 0
olx| Ay |+ 0 x|By|=1g 04| 0 |x|ig o
X X = e X
Yy y G 32 G
b 0 —-a 0 0 1) @
Ax
Ay _ Ax 0.00 Ay 1.50
= Find(Ax, Ay, By, By) = kN = kN
By By 0.00 By 2.43
By
(b) Turning Given
Ax Bx 0 0
Ay + By + —Mg = O N
0 0 0 0
0 Ax 0 Bx 0Y0y) 0 0
Ox|Ay|+]| O |x|By|=Ig 0 |[+| @ |x|lg| @2
b 0 —a 0 0 w w
Ax
Ay _ Ax 0.00 Ay -1.25
= Find(Ax, Ay, By, By) = kN = kN
By By 0.00 By 5.17
By
(c) Pitching Given
Ax Bx 0 0
Ay + By + —Mg = O N
0 0 0 0
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0 Ay 0 By 0 @3 w3

Ox|Ay|+| O |x|By|=Ig —wo3 |+| 0 |x|lgl 0

b 0 —a 0 0 ) w

Ax

Ay _ Ax -4.80 Ay 1.50

= Find(Ax, Ay, Bx,By) = kN = kN

By By 4.80 By 2.43

By

*Problem 21-64

An airplane descends at a steep angle and then levels off horizontally to land. If the propeller is
turning clockwise when observed from the rear of the plane, determine the direction in which
the plane tends to turn as caused by the gyroscopic effect as it levels off.

Solution:

As noted on the diagram M, represents the effect of the plane on the

propeller. The opposite effect occurs on the plane. Hence, the plane
tends to turn to the right when viewed from above.

Problem 21-65

The propeller on a single-engine airplane has a mass M and a centroidal radius of gyration kg

computed about the axis of spin. When viewed from the front of the airplane, the propeller is turning
clockwise at e, about the spin axis. If the airplane enters a vertical curve having a radius p and is

traveling at speed v, determine the gyroscopic bending moment which the propeller exerts on the
bearings of the engine when the airplane is in its lowest position.
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Given:
M = 15 kg
ke =03 m
ki
v = 200 0
hr
rad
s = 350 e
S
p =80m
Solution: ey
P
Y p

M; = (Mke2) 2o

M, = 328N-m

Chapter 21

Problem 21-66

The rotor assembly on the engine of a

jet airplane consists of the turbine,

drive shaft, and compressor. The total
mass is m,, the radius of gyration about

the shaft axis is Kng, and the mass
center is at G. If the rotor has an

angular velocity w,g, and the plane is
pulling out of a vertical curve while

traveling at speed v, determine the

components of reaction at the bearings
A and B due to the gyroscopic effect.

Units Used:
KN = 10° N
Given:
my = 700 kg
kag = 0.35 m
rad
WAB = 1000 T
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p = 130 km

a=08m

b=04m

m

v = 250 —

S
. Vv
Solution: M = mrkABza)AB—
2

Guesses A=1N B=1N

] A ] A 13.7
Given Aa-Bb=M A+B=0 = Find(A,B) = kN
B B -13.7

Problem 21-67

A motor has weight W and has radius of gyration k, about the z axis. The shaft of the motor is
supported by bearings at A and B, and is turning at a constant rate @, = @,K, while the frame has an
angular velocity of @, = wg,] Determine the moment which the bearing forces at A and B exert on the
shaft due to this motion.

Given: y
W =501Ib
kZ = 02 ft
d
v, = 100 22
S
rad
= 2 _—
“y S
a=05ft
ft
g =322 -
S
Solution:
0
0 12.4
0
M =| ay|x M=| 0.0 [Ib-ft
w
g
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*Problem 21-68

The conical top has mass M, and the moments of inertia are I, = 1, and I,. If it spins freely in the
ball-and-socket joint at A with angular velocity @, compute the precession of the top about the axis of

the shaft AB.
Given:
M = 0.8 kg a = 100 mm
-3 2
Iy =3510 " kg-m 6 = 30 deg
_ m
I, = 08x10 ° kgm®> g = 9.81—
S
rad
ws = 750 —
S
Solution: Using Eq. 21-30.

IMy = —ly ¢'25in(6) cos(6) + 1,4 sin(6)(¢ cos(6) + )

rad
Guess g =1— :
s

Given M gsin(e)a = —ly ¢'23in(0) cos(H) + 174 sin(&)(qﬁ' cos(e) + a)s)

¢4 = Find(¢') ¢ = 1.31@ low precession
s

rad
Guess ¢ = 200—
S

Given M gsin(e)a = —ly ¢'23in(0) cos(H) + 174 sin(&)(qﬁ' cos(e) + a)s)

¢ = Find(¢') ¢ = 255@ high precession
s

Problem 21-69
A wheel of mass m and radius r rolls with constant spin @ about a circular path having a radius a. If

the angle of inclination is 6, determine the rate of precession. Treat the wheel as a thin ring. No
slipping occurs.
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Solution:
. - ! a+ rcos(@) )
Since no sipping occurs, ry =a+ rcos(9)¢ Y = — ¢
. .2
Also, o=4¢+y F:m(a¢) N-mg=0
mr2 2
IX = Iy = T IZ =mr
o=d¢ sin(e)j + (—1// + 4 cos(H)k
Thus, wy =0 wy=¢ sin(e) w;=-yY + ¢ cos(e)
& = ¢ xy =4 ysin(0)
Wy = —¢ vsin(6) Wy = oz =0
Applying

ZMX = Ixa)lx + (IZ - Iy)a)za)y

2 2
F rsin(ﬁ) - Nrcos(e) = %(—qﬁ' z/}sin(e)) + (mr2 - %j(—y) + 4 cos(e))(qﬁ' sin(e))

Solvina we find

mag?rsin(6) - mgroos(d) - (‘”;rzqu-zsmw)[a resld) [”"Zj@) #sin(0)

r 2

2gcos(6) = agsin(6) + rgsin(6) cos(6) 4 :/W cott &
a+ rcos(e)

Problem 21-70

The top consists of a thin disk that has weight W and radius r. The rod has a negligible mass and
length L. If the top is spinning with an angular velocity a,, determine the steady-state precessional

angular velocity a,.
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i

Given: L
W =8 1lb 0 = 40 deg _ \ T N
J o = b 0
r=03ft ft ! J) —~—
s /A %y
rad >
L =05 ft s = 300 — . Py 4
S {\ s ll,-’ﬂ-‘;."‘l
. |
S In'
Solution: X '

My = I ¢'Zsin(¢9) cos(e) + ;¢ sin(e)((,zﬁ' cos(e) + y/)

oy

rad ) / ”1 w
Guess oy =1 — Given ]
p S 'F'.'.l

vt ()81 ttr (3] sttt

wpy = Find(a) ) wp = 121@ low precession
p P p= et

rad .
Guess wp = 70 T Given

vt (2] (81 ttr (3] sttt

rad
= Find =76.3— high precession
@p (@p)  ep S gnp

Problem 21-71

The top consists of a thin disk that has weight W and radius r. The rod has a negligible mass and
length L. If the top is spinning with an angular velocity «,, determine the steady-state precessional

angular velocity a,.
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Given:
W =281lb 6 = 90 deg
= ﬁ
r=03ft g =322
2
S
rad
L =05ft ws = 300 —
S
Solution:

My = I ¢'Zsin(¢9) cos(e) + ;¢ sin(e)(¢' cos(e) + y})

rad .
Guess wp = 1 T Given

vt ()81 ttr (3] sttt

wp = Find(wp)  @p = 1.19%

*Problem 21-72

The top has weight W and can be considered as a solid cone. If it is observed to precess about the
vertical axis at a constant rate of &, determine its spin .

Given:

W =31Ib

o =5
S

6 = 30 deg

L==6In

r=15in

g:32.2E
2

778



Engineering Mechanics - Dynamics Chapter 21

Solution:

S(sz
IZ:__r
10\ g

My = I ¢'Zsin(¢9) cos(e) + ;¢ sin(@)(qﬁ' cos(@) + y})

X

W%sin(&) S a)y2 sin(6) cos(6) + 1@y sin(6)( @y cos(6) + )

3WL + 41 myz cos(6) - 4|Za>y2 cos(6)

1
_4 |Z&)y

" :652%

Problem 21-73

The toy gyroscope consists of a rotor R which is attached to the frame of negligible mass. If it is
observed that the frame is precessing about the pivot point O at rate @, determine the angular velocity

wx, of the rotor. The stem OA moves in the horizontal plane. The rotor has mass M and a radius of
gyration ko, about OA.

Given: Il
5 rad - o
wpy = 2 —
P S
M = 200 gm
koa = 20 mm
a =30 mm
_ g8 1
g =29 >
S
Solution:
ZMX = Izgya)z s
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Mga=M kOAzwpr

ga
a) =
R 2
rad
wR = 368 —
S

Problem 21-74

The car is traveling at velocity v, around the horizontal curve having radius p. If each wheel has mass
M, radius of gyration kg about its spinning axis, and radius r, determine the difference between the
normal forces of the rear wheels, caused by the gyroscopic effect. The distance between the wheels

is d.

Given:

km
Ve = IOOF kG = 300 mm

p =80m r = 400 mm

M = 16 kg d=13m

Solution:
| = 2Mkg2 | = 2.88kg-m>
Ve rad
g = — s = 69.44 —
r S
Ve 0.35 rad
wp = — wp = 0.35—
P p S
M = |a)sa)p
@p
AFd = loswp AF = IwST AF =534 N
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Problem 21-75

The projectile shown is subjected to torque-free motion. The transverse and axial moments of inertia
are | and |, respectively. If @represents the angle between the precessional axis Z and the axis of

symmetry z, and £ is the angle between the angular velocity wand the z axis, show that fand fare
related by the equation tan 8= (I/1,)tan S.

Solution:
Hgsinl 8 Hgcos( 8
FromEq. 21-34 oy = © ( ) and Wy = © ( )
| I;
|
Hence 2 = —Ztan(e)
C()Z I
However, wy = wsin(ﬂ) and w7 = wcos(ﬂ)
|
ﬂ = tan(,B) = —Ztan(a)
w7 I
tan(6) = Iltan(ﬂ) QED

z

*Problem 21-76

While the rocket is in free flight, it has a spin @, and precesses about an axis measured angle dfrom

the axis of spin. If the ratio of the axial to transverse moments of inertia of the rocket is r, computed
about axes which pass through the mass center G, determine the angle which the resultant angular
velocity makes with the spin axis. Construct the body and space cones used to describe the motion.
Is the precession regular or retrograde?

Given:

rad
@5 =3~

6 = 10 deg
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r=—
15

Solution:

Determine the angle S from the result of prob.21-75

tan()

r

tan( 0) =

spin axis
body cone

precession axis

.
CERECe Cone

I.
[

B = atan(rtan(e)) B = 0.673deg
Thus,
a=0-p a = 9.33deg
Regular Precession ~ Since 1, < |

Chapter 21

Problem 21-77

The projectile has a mass M and axial and transverse radii of gyration k, and k;, respectively.
If it is spinning at @, when it leaves the barrel of a gun, determine its angular momentum.

Precession occurs about the Z axis.

Given:
i,
= rad ™ i
M = 0.9 kg ws =6 — f’_d__,__#— 7__!_#.__:_‘\_!-rr
k; = 20 mm (rg = 7
0 = 10 deg \ A |
ki = 25 mm - 6
Solution:
| = Mk | = 5.625x 10~ *kg-m?
l, = Mk, I, = 3.600 x 10~ *kg-m?
Y = s
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e - wl| — 2 H —609><1o‘:‘3kg'—m2
c=V cos(9)(1 - 1) G=> s

Problem 21-78

The satellite has mass M, and about axes passing through the mass center G the axial and
transverse radii of gyration are k, and k;, respectively. If it is spinning at e, when it is

launched, determine its angular momentum. Precession occurs about the Z axis.

Units Used:
Mg = 10° kg
Given:
= rad
M=18Mg  _ . rad
k; = 0.8 m S
k= 1.2 m 0 =5 deg
Solution:
| = Mk | = 2592 kg m?
l; = Mk I, = 1152kg-m>
Y = ws
-1,
W= HGcos(H)
1,
H | ' Hg = 12.5M m’
G=V cos(6)(1 - 1) G = 2eoMITS

Problem 21-79

The disk of mass M is thrown with a spin @,. The angle @is measured as shown. Determine the
precession about the Z axis.
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Given: M = 4 kg Z
0 = 160 deg
e
r =125 mm e N
pla—"1]
rad r\____f/
w; =6 — \ i)
S ,;
Solution: \
1 1 1-
I:—Mr2 |Z:_|\/|r2 -
4 2

Applying Eq.21 - 36

V= o T HGcos(H)
z
Hg = o 'z Hg = 0.1995 <8
G- cos(6)(1 - 1) G=" s
Hg rad
g = — 4 =128—

Note that this is a case of retrograde precession since |, > |

*Problem 21-80

The radius of gyration about an axis passing through the axis of symmetry of the space
capsule of mass M is k,, and about any transverse axis passing through the center of mass G,

is k;. If the capsule has a known steady-state precession of two revolutions per hour about the
Z axis, determine the rate of spin about the z axis.

Units Used: . 7
3 & H"-Hq_ ____ [
Mg = 10" kg . P ”
{ Sl ,_—f'=_'7l?- =P |
. frl k ol
Given: é _k)—
M = 1.6 Mg =
k, = 1.2 m e
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ki = 1.8 m

0 = 20 deg
Solution:

| = Mk

IZ = Mkzz

Using the Egn.

tan(6) - (,ljtanw)

z

B = atan (tan(a) %j

£ =9.19deg

Zrevih

"\-\.H_ ﬁ

L.

Chapter 21

Sprin Axis

Zrev| h

- .
- Precession
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