Engineering Mechanics - Dynamics Chapter 21

Problem 21-1

Show that the sum of the moments of inertia of a body, 7, +/,,+1

zz >

is independent of the orientation
of the x, y, z axes and thus depends only on the location of the origin.

Solution:

Ixx+]yy+IZZ=J y2+22dm+J x2+22dm+J x2+y2dm

Ixx+lyy+IZZ:2J x2+y2+22 dm

m

However, x + )2 + z2 = 72 , where r is the distance from the origin O to dm. The magnitude | r |
does not depend on the orientation of the x, y, z axes. Consequently, /. +1,, +1__ is also

independent of the x, y, z axes.

Problem 21-2

Determine the moment of inertia of the cylinder with respect to the a-a axis of the cylinder. The
cylinder has a mass m.

a
o dy
'
i, [
R T I"l
I'\
| T~
T
— —— )
a
Solution:
h
m
szA ,07n12dy=h,07m2 p=—
2
0 hra
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1 a2 + h2
=m| — —
aa 4 3

Chapter 21

Problem 21-3

Determine the moments of inerta /, and /,

of the paraboloid of revolution. The mass
of the paraboloid is M.
Given:
M = 20 slug
r=2ft ¥
h =21t
Solution: 3
h
14 d M
= = = —
Y P %
0
rh
I( 2y) 2y 2
I, = =z =||r=]d I = 26.7 slug: ft
X P 2( h)( h) y X g
0]
rh
1
I, = P 71';’2Z - ;’2Z + y2 dy L, =533 Slug-ft2
h) 4\ h
Y0
*Problem 21-4 y
Determine the product of inertia /., of the - g —— b -

body formed by revolving the shaded
area about the line x = a + b. Express
your answer in terms of the density p.

Given:
a=3ft
b =21t
c=3ft
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Solution:
)
k = [mcjz(mb—x)}(mb)fﬁdx
a 24 a
0
I =k k= 636
= ko = 6361

Problem 21-5

Determine the moment of inertia /, of the body formed by revolving the shaded area about the line

x=a + b. Express your answer in terms of the density p.

S

Given:
a=3ft g =g
b =2ft
c=3ft
A
Solution:

k = |:2ﬂc/z(a+b—x)}[(a+ b2+ (a+b)?] dr
a

0

5
Ly=kp  k=4481ft

Problem 21-6

Determine by direct integration the product of inertia 7, for the homogeneous prism. The density of

the material is p. Express the result in terms of the mass m of the prism.

Solution:
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X h
G(—-v-
575)
.q___d-f'“/
T
" (
v X
r+y =a .
‘ h
2m a-y
Iy, = (Tjh(a—y)a( 5 )dy=—mah
ah
0
1
Iyz=gmah

Problem 21-7

Determine by direct integration the product of inertia /,, for the homogeneous prism. The density of

the material is p. Express the result in terms of the mass m of the prism.

X '.-h
/G(T-" T)

Solution:
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2m a—-y 1 4(m
Ly = (T}l(d - y))’(Tj dy = o (—2J
ah a

*Problem 21-8

Determine the radii of gyration &, and £,
for the solid formed by revolving the - b
shaded area about the y axis. The density

of the material is p.

Given:
a=4f “
b
b =025 ft 1
' I X
|
p =12 s—‘;g
ft L a -
Solution:
a
b 2.2
2 a b
M = J pra dy+ | pr——dy M = 292.17 slug
0 yz
b
b a
[ 2 5 5 [‘ a2 b2 5 2b2 5
Ix—J pl— + ) |7a dy+J e dy I = 948.71 slug: ft
4y
0 b
b a
[ 2 ) a2 b2 a2 b2 )
I, = J pl — |ma” dy + P 5 Vs dy I, = 1608.40 slug: ft
2y y
0 b
]x
ky = I ky = 1.80 ft
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ky = | = ky = 2.35 1t

Problem 21-9

Determine the mass moment of inertia of the homogeneous block with respect to its centroidal x'
axis. The mass of the block is m.

ra
a

L ]
—

Solution:
bh -
m= pa =
p P = abh
EN 1 !
L= -2 —d* + 2 abdz = ——| —da bh+ —abh®
abh 12 abh\ 12 12

—h
2

Iy = %(az + hz)

Problem 21-10

Determine the elements of the inertia tensor for the cube with respect to the x, y, z coordinate system.
The mass of the cube is m.
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Solution: )
2
Lix =1Ly =1z = —ma S
- i
Ly =1 a)’ < g
= = mi| — = —-m—
Xy Xz ) 4 I
2 2 #n
I, =m a1 ma— A
yz 2 4 ol

(8 3 3 x
ma
1= 38 -3
12
3 -3 8

Remember to change the signs of the products of inertia to put them in the inertia tensor

Problem 21-11

Compute the moment of inertia of the 1
rod-and-thin-ring assembly about the z axis. :
The rods and ring have a mass density p.

Given:
k
p=2-2
m
[ = 500 mm
h = 400 mm
v
60 = 120 deg
Solution:
r=AF-i?

ASS
Il
o
(e}
=}

172
7N
N|&A
N

I, = 0.43 kg m>

W

Il
e

S

~
(98] | [\

Z.

=]

—_

S

e
N——

+

i)

—

S

3_/

~N
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*Problem 21-12

Determine the moment of inertia of the cone about the z' axis. The weight of the cone is W, the
height is h, and the radius is 7.

Given:

W =151b

h=15ft

r=0.5ft

ft
322 —
2

S

0Q
Il

Solution:

p
6 = atan| —
9

2
I = %W(Mz ?) W(%)

3.2
Iy = Ix IZ = EWV
I = Iysin(6)° + Lcos(6)° L' = 0.0962 slug f>

Problem 21-13

The bent rod has weight density 7. Locate the center of gravity G(x', y") and determine the principal
moments of inertia /., I, and 7, of the rod with respect to the x', y’, z" axes.

Given:
. ;
7T )
a=1f
b=1f y
=322 ft
g = S« 5
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Solution:
a
2a5+ba
x'= — x"=0.667 ft
2a+ b
b
ab+b5
' — "= 0.50ft
Y 2a+ b y
2 2 1 2 b 2 2
Ly =yay”™ +ya(b-y) + E;/bb + }/b(z —y') I, = 0.0272 slug: ft
2 2 a 2 2 2
I, = —yaa +2yal——-x"| +yb(a—x' I,y = 0.0155 slug- ft
v =157 7 (2 ) 7b( ) ' g
2
Iy = L+ 1y 1,7 = 0.0427 slug- ft

Problem 21-14

The assembly consists of two square plates 4 and B which have a mass M, each and a
rectangular plate C which has a mass M. Determine the moments of inertia /,, /, and /..

Given:
My =3 kg
Mc =45 kg
0 = 60 deg _{x-'
07 = 90 deg ‘ .
6> = 30 deg I
a=03m ¥
b=02m
c=04m

Solution:

My

PA = 2b)
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1= Lhic e2 | puanllas ceos0)? « (csnl0)]
0

b rc
Iy = %Mc(%)2 * 2J J pA(x2 v & sin(ﬁ)z) dg dx
-5 70

b rc
Iy = %Mc[(Zb)2 - (2a)2] + 2J J pal” +(a+ §COS(0))2] dg dx
-b -0

I, = 136kg-m° I, = 0380kgm> I = 125kgm’

Problem 21-15

Determine the moment of inertia /, of the composite plate assembly. The plates have a specific

weight .
Given: z
Ib
y=6—
ft
a =05 ft
b =05 fi e
c =025 ft
X
=322 fi
g = J<. >
S
Solution:

a
0 = atan| —
(b)

2 2 2
/ 2 2b
1] = yc2 a2+b2{%+—( Q) +( )}

12
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2
Iy = yc24/ a2 +b2%

2
2
I = 2(11 sin(6) + I 005(9)2) + 1(2a)(2b) % I, = 0.0293 slug- ft>

*Problem 21-16

Determine the product of inertia /,, of the composite plate assembly. The plates have a specific
weight 7.

Solution:

Due to symmetry,

=0

Problem 21-17

Determine the moment of inertia of the composite body about the aa axis. The cylinder has
weight ¥, and each hemisphere has weight WW,.

Given:
W. =201b
Wy =10 1b
b =2ft
c=2ft
=322 fi
77007 .
S - -
Solution:
6’=atan(£)
b
L=22w 02+1W )’ I, = 0.56 slug- ft°
=2— — — — = 0.56 slug-
z 5 h 5 57el 5 z g
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83 (c)’ R b ()1
Ly =2—Wp| = | +2Wh|s+<5| +Wd—=+|3]| =
320 "2 2 82 12 \2) 4
I, = 1.70 slug. ft>
y = 1.70slug-ft

laa = I-cos(6)” + Isin(6)° Ly = 1.13 slug >

Problem 21-18

Determine the moment of inertia about the z axis of the assembly which consists of the rod
CD of mass My and disk of mass M,

Given:
Mp =15 kg = b
Mp =17kg

r = 100 mm

[ = 200 mm {

Solution:

,
0 = atan| —
)

17

1 1

—MR12+—MDV2+MD12

3 4

I =1

I 1M
= — r

3 > D

1 0 0 I; 0 0 0 0

Imat =1|| O cos(&) sin(@) 0 I 0o cos(é’) —sin(é’)
0 —sin(&) cos(@) 0 0 I3)\0 Sin(H) cos(@)

—_—

I = Tmat, I, = 0.0915kg-m”
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Problem 21-19

The assembly consists of a plate 4 of weight W, plate B of weight W, and four rods each of weight
W,. Determine the moments of inertia of the assembly with respect to the principal x, y, z axes.

Given: z
Wy =151b ,
Wp = 40 1b
I
W, =171b
rg =11t —
rg = 4 ft
h =41t
Solution:

L = (rB - rA)2 + h2 L =5.00ft
(h
0 = asm(z) 6 = 53.13deg
2 2
IR L 0\ (ra+rs B
2w — sm(@) +2A W — |+ W] =] + + Wp— ..
3 12 2 2 4
2
ryq 2
+ WA(TJ + WAh

I, = Iy by symmetry

b 2 2
I 4WL2 (0% +w, BN | Py g B
= — cos — —
z r12 r > A > B B

o)
Il

Ix 20.2
L, | =202 |slug f’[2
I, 16.3

*Problem 21-20
The thin plate has a weight /¥, and each of the four rods has weight J¥,. Determine the moment of
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inertia of the assembly about the z axis.

Given:

Wy =35 Ib

[}

W, =31b

h =15 ft

a=05ft fn
Solution: fff

—— /
_ 2 2 2 f‘); o — - 1 ¥
L =Ah+a +a ;;rf{ - |
0 = acos(—j S
L "

I I
I, = 45W,,L2 sin(60)” + = Wp[(Za)z ra?] L= 00881 slug £

Problem 21-21

If a body contains no planes of symmetry, the principal moments of inertia can be determined
mathematically. To show how this is done, consider the rigid body which is spinning with an angular
velocity @, directed along one of its principal axes of inertia. If the principal moment of inertia about
this axis is /, the angular momentum can be expressed as H = [o = [oi + @] + [ok. The
components of H may also be expressed by Eqgs. 21-10, where the inertia tensor is assumed to be
known. Equate the i, j, and k components of both expressions for H and consider @, @,, and @, to be
unknown. The solution of these three equations is obtained provided the determinant of the
coefficients is zero. Show that this determinant, when expanded, yields the cubic equation

P '(Ixx+ Iyy+ Izz)l2 + (]x yy+ [yylzz + Iz xx” szy - Izyz_lzzx)l '(]xx[yylzz - 2Ixy[yz[zx_ Ixxlzyz_ [yylzzx_ Izzlzxy) =
0. The three positive roots of I, obtained from the solution of this equation, represent the principal
moments of inertia /,, /,, and /..

Solution: )
i
H = [0 = loyd + [o)j + [0k /
[ =
LY L
Equating the i, j, and k components to the scalar H"';ﬂJ
(Eq. 21 - 10) yields

(Lex = D)oo = Iy, — Iyz0; = 0 )

—Lyy 0y + (Iy = @y = Lz, = 0
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Loy O — Lywy + (L; — ), = 0

Solution for nontrivial @,, @, and @, requires

(Ixx -1 ) _Ixy —Ixz
~hx  (Ly-1) -I, |[=0
—Ly Ly (1)

Expanding the determinant produces the required equation

Chapter 21

Problem 21-22

Show that if the angular momentum of a body is determined with respect to an arbitrary point 4, then

H, can be expressed by Eq. 21-9. This requires substituting p, = pg+ Pga into Eq. 21-6 and

expanding, noting that Idem = 0 by definition of the mass center and V=V, + ® X pg,.

Solution: X
Hp = pAdmva—i-‘[ pAX((Dpr)dm
Hp = PG"‘PGAdeVAﬁLJ’ (PG"‘PGA)X[‘DX(PG"'PGA) dm

+ PGA X me pG dm|+pGax (@x pga)m

728
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Since Jdemzo and HG:‘[ pGx((oxpG)dm

Hp = PGAXmVA+HG+PGAX°)X(PGA)m: PGAXm(VA+0)><PGA)+HG

Hp = pgxmvg + Hg Q.E.D

Problem 21-23

The thin plate of mass M is suspended at O using a ball-and-socket joint. It is rotating with a
constant angular velocity @= @k when the corner A strikes the hook at S, which provides a

permanent connection. Determine the angular velocity of the plate immediately after impact.

Given:
M =5kg
rad
o] =2 —
§ [
a = 300 mm
b = 400 mm b
Solution: }
Angular Momentum is conserved about the line OA. . T bt
0 -
OA [
OA =| a oa = — F
[\
-b
1 1
I =—Mb2 13 =—M(2a)2 I =1+ 13
3 12
I; 0 0

Imat =| 0 12 0
0 0 I3
T

lpq = 0a Ipato0a

rad
Guess wy =1—
s

729



Engineering Mechanics - Dynamics

0
Given Imat| 0 |oa=1,,0)
aj
0.00
. rad
W) = Fmd(a)g) wyo0a = | —0.75 o
1.00

Chapter 21

*Problem 21-24

Rod 4B has weight I and is attached to two smooth collars at its end points by ball-and-socket
joints. If collar 4 is moving downward at speed v,, determine the kinetic energy of the rod at the

instant shown. Assume that at this instant the angular velocity of the rod is directed perpendicular

to the rod’s axis.

D) —

Given:
W ==61b
ft
vy =8 —
S
a=3ft
b =6ft
c=2ft
Solution: L = \/ a2 + b2 + 02
Guesses l/
ft rad
vg =1 — oy =1 —
S S
! rad ! rad
), = _— - = _
Y S ‘ S
0 Wx c VB
Given 0 |+|oy|x| b |=]0
—V4 o8 —a 0
ox \( .
» b |- ft
4 S
w; J\7a
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Wx 0.98
Wy ' rad ft
= Find(vg, 0y, 0y, 0;) @ =| o ®=|-106 |— vg=12.00—
1) S S
4 @y ~1.47
@z
C
0 2 )
b 1w 1{ W)L
vga=| 0 |+ox| — T=——|lvgvg)+—| —|—low T = 6.461b-ft
¢ : {2 Joeve)+ 32 ) o)
_vg
—d
2

Problem 21-25

At the instant shown the collar at 4 on rod 4B of weight ¥ has velocity v,. Determine the kinetic

energy of the rod after the collar has descended a distance d. Neglect friction and the thickness of the
rod. Neglect the mass of the collar and the collar is attached to the rod using ball-and-socket joints.

Given: |

W ==61Ib
ft
vy =8 —
S
a=3ft
b =6ft
1
c=2ft
d =31t
Solution: 1/
L =\/a2+b2+02
Guesses
ft rad
vg=1— oy =1—
S S
rad rad
oy, =1— w;, =1 —
S S
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() a’x C VB a’x C
. ft
Given 0 |+|oy|x| b|=]0 oy || b |=0—
s
—vV4 W, —a 0 oy —a
VB
Wx
= Find(vB,a)x,a)y,a)Z)
@Dy
@z
@x 0.98
rad ft
@ =| oy o=|-1.06 |— vg = 12.00 —
s s
@, -1.47
c
2
0
b
vg=| 0 |+ox 5
—vy

T —lLV(v -v)+lLV L—z(mm) T; = 6.461b-ft
e oy AN e (g 1=6.

In position 2 the

center of mass has i 40T f
fallen a distance d/2 1+U=12- )

d
T, =T;+ W(E) Th) =1551b-ft

Problem 21-26

The rod AB of mass M, is attached to the collar of mass M, at 4 and a link BC of mass My using

ball-and-socket joints. If the rod is released from rest in the position shown, determine the angular
velocity of the link after it has rotated 180°.

Given:
Myp = 4 kg
My =1kg
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Mpc = 2 kg
a=12m
b=05m

2 2

c=+va +b

Solution:

b
0 = atan(—)
a

1 1
1= 5MABC2 sin(60)” + gMBCb2

Guess o =1—
. 1 2
Given (MAB + MBC)gb = Ela)

o = Find(a))

w=10.85—

Chapter 21

Problem 21-27

The rod has weight density yand is suspended from parallel cords at 4 and B. If the rod has angular
velocity w about the z axis at the instant shown, determine how high the center of the rod rises at the

instant the rod momentarily stops swinging.

Given:
B Ib
Y0 R
d
w =2 o
s
a=3ft
=322 fi
g = Sz 2
S
Solution:

T +Vy=Tr+7V>
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1M1 72
DL 71002 0% = an
212 g

1 a)2
h=—a| % =224in
6 g

*Problem 21-28

The assembly consists of a rod AB of mass m z which is connected to link OA and the collar

at B by ball-and-socket joints. When &= 0 and y = y,, the system is at rest, the spring is
unstretched, and a couple moment M, is applied to the link at O. Determine the angular
velocity of the link at the instant &= 90°. Neglect the mass of the link.

Units Used:
KN = 10° N

Given:

myp = 4 kg
M =7Nm

a = 200 mm X~ )

y; = 600 mm
kN
k=2—
m
Solution:
L = Ja2+a2+y12
1
I =—~mypl?
3
6=L-yj
rad
Guess o=1—

S

1 1
Given mABg% + M(90 deg) = Ela)z + Eké'z
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= Find(a)) o= 6.10@

L rad
wo4 = O— woq = 202 —
a S

Chapter 21

Problem 21-29

The assembly consists of a rod 4B of mass m ; which is connected to link OA4 and the collar
at B by ball-and-socket joints. When €= 0 and y = y,, the system is at rest, the spring is
unstretched, and a couple moment M = M (b6 + ¢), is applied to the link at O. Determine the
angular velocity of the link at the instant 6= 90°. Neglect the mass of the link.

Units Used: kN = 103 N
Given:
myp = 4 kg
My =1Nm
y1 = 600 mm A

a = 200 mm e s
b =4 il
c=2

Solution:
L = ./a2+a2+y12

1 2
I = gmABL

6=L-yj

Guess o=1—

90 deg R
Given mypg— + J My(bO+c) d0 = Slo” + 5k52
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rad L
w=522— w04 = O—
s a

rad
ooy = 173 —
S

Chapter 21

Problem 21-30

The circular plate has weight /" and diameter d. If it is released from rest and falls horizontally a
distance % onto the hook at S, which provides a permanent connection, determine the velocity of

the mass center of the plate just after the connection with the hook is made.

Given:
W =19 Ib
d=15ft
h =25 ft
=322 ft
g = J<. 5
S
Solution:
ft
vGl] =\ 2gh vg] = 12.69 —
S
W 4\ s(w\(d)
— gl =l==1—1||—-| @
¢ ) N\2) "3 )\2)
8vG1 13.53 rad
Wy = wy = 13.53 —
2 5d 2 S
d ft
VG2 = @) — vgo = 102 —
2 S

h

Problem 21-31

A thin plate, having mass M, is suspended from one
of its corners by a ball-and-socket joint O. If a stone
strikes the plate perpendicular to its surface at an
adjacent corner 4 with an impulse I, determine the

instantaneous axis of rotation for the plate and the
impulse created at O.
Given:

M = 4 kg

a = 200 mm
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0 = —45 deg
-60
Ig=| 0 |N-s
0
Solution:
2 12
I} = =Ma I = gMa
2
a
I3 =1 I3 = M—
4
| 0 0

Cmat = | 0 cos(@) sin(@)
0 —sin(@) cos(@)

I; 0 0

T
Imat = Cmat| 0 12 —123 |Cpat

0 -l I3
Tox 1 Vx
Guesses Ioy | =|1|Ns vy
1oz 1 Vz
Given
Tox Vx
I+ | loy | = vy
1oz Vz
0 Wx
a
ﬁ -1 X IS = Imat a)y
-1 @,
Wy 0 Vy
0
@y | x » =| v
@z ﬁ Vz

737
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Iox

Impulse = | Ipy

1o

oy | = Find(]ox,loy,loz, Oy, Oy, Oz, Vx, Vy, vZ)

8.57
Impulse = | 0.00 [N-s
0.00

E

axis

£l

0.00
axis = | 0.14

-0.99

Chapter 21

*Problem 21-32

Rod 4B has weight I and is attached to two smooth collars at its ends by ball-and-socket joints.
If collar 4 is moving downward with speed v, when z = a, determine the speed of 4 at the instant
z = 0. The spring has unstretched length c. Neglect the mass of the collars. Assume the angular
velocity of rod AB is perpendicular to its axis.

Given:
W ==61b
ft
vy =8 —
s
a=3ft
b =6ft
c=2ft
|
ko4l
ft
o=2ft
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—322ft
g = 24 5

S
Solution: L = \/ a2 + b2 + 02
First Position

Guesses

ft rad
vpl =1 — ox] =1 —
S

rad rad
pr=l=5 @r=i o
0 Dx] c VBl
Given 0 |+ oyl | x| b =] 0
V4 z] —a 0
Ox]
ft
wy] b |=0—
7 s
wz] J)\74
Dx]
Ox1 0.98
Dyl . rad
= Flnd(a)x],a)y],a)z],vBI) 0] = | Wyl o] =|-1.06 |—
7] S
5] -1.47
VBI
0 c
vgl1 =| 0 |+o1x|=| b
—vy —a
6.00
ft
vg1 =| 0.00 |—
s
—4.00
1w 1 WL2
T; = ——I\vG1V +———|01'0 T; = 6.461b-ft
1 2g(G1 G1) 2g12(1 1) i
Work - Energy Ti+Vi=Tr+ V)
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2
|
T, = Ty + W% - Ek(\/ Ry c) 5 = 1030 Ib- ft

Second Position Note that B becomes the instantaneous center
ft ft
Guesses vy =1 — vgy =1 —
S S
rad rad
o2=1—  wp=1—
S S
rad
w2 =1 —
S
O wa L2 _ b2 VBZ
Given 0 |+ o2 |x b =1 0
VA2 72 0 0
w
2 L2 _ b2
ft
a)yg b =0—
S
72 0
LZ

T —lV—V—(a) 2+a) 2+a) 2)
2 2g 3 x2 2 22

VA2
VB2 Wx2 2.23
. rad ft
Wx2 | = Flnd(vAg,vBQ,a)xg,a)yg,a)zg) oy | =|-1.34 | — vgs = 0.00 —
s s
®y2 ) 0.00
ft
wz2 vyr = 182 —
S
Problem 21-33
The circular disk has weight W and is 'I "
mounted on the shaft 4B at angle 6 with y _,.'1

the horizontal. Determine the angular
velocity of the shaft when ¢ =¢,if a

=
d
b,
\
[,
i
/Lf

constant torque M is applied to the shaft. a
The shaft is originally spinning with angular M { . d
velocity @; when the torque is applied. =
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Given:

W =151b
60 = 45 deg
t] =3s
M = 2 lb-ft

rad
w] =8 —

s
r = 0.8ft
=322 ft
g =322
s
Solution:
2 2

/4 2 w . 2
I = (—)(r—j cos(6)” + (—)(r—] sin(0° Lgg = 0.111b-fi-s>

g/\4 gJ\2

M rad
a=— W) = o] + at] wy =61.7T—
I4B S

Problem 21-34

The circular disk has weight # and is mounted on the shaft AB at angle of € with the horizontal.
Determine the angular velocity of the shaft when 7= ¢, if a torque M = M e applied to the shaft. The
shaft is originally spinning at @, when the torque is applied.

Given:
W =151b r %
’__,..f';»\ p
0 = 45 deg /“w/ @
2
r r '_
f]=2s A Bk ) —— & - = }é jﬁ
ol v / '
My = 4 1b-ft M
rad
o] =8 —
S
r=0.8 ft
=322 f
g = J<. 5

S
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b=01s
Solution:
2 2
w /4
Iyp = (—)(F—J cos(é’)2 + (_)[r_j sin(0)2 Iy =0.11 lb-ft-s2
g/\4 gJ/\2
1]
1 bt rad
W) = @] +— Mpe  dt wy =87.2—
148\ /) S

Problem 21-35

The rectangular plate of mass m,, is free to rotate about the y axis because of the bearing supports
at 4 and B. When the plate is balanced in the vertical plane, a bullet of mass m,, is fired into it,

perpendicular to its surface, with a velocity v. Compute the angular velocity of the plate at the
instant it has rotated 180°. If the bullet strikes corner D with the same velocity v, instead of at C,
does the angular velocity remain the same? Why or why not?

Given: )
my =15 kg
mp = 0.003 kg
v = 2000 —
s

a = 150 mm

b = 150 mm 3
— 981 =
g=>9 2
S
) rad rad
Solution: Guesses wy) =1— w3 =1—
s S
. 12
Given mbvaZEmpa [0y
1 a2 2+ a 1 a2 2 a
—mpy— @ Myg— = —My— @03 — Mpg—
Py W2 TS = LT @3 T &

742



Engineering Mechanics - Dynamics Chapter 21

@2 , rad rad
= Fmd(a)g, 0)3) wy = 8.00 — w3 =214—
w3 S s

If the bullet strikes at D, the result will be the same.

*Problem 21-36

The rod assembly has a mass density o and is rotating with a constant angular velocity = @,k

when the loop end at C encounters a hook at S, which provides a permanent connection.
Determine the angular velocity of the assembly immediately after impact.

Given:
k
p = 2.5 _g
m
N
a ) 0'5 m __.---...-.(:__f, ---_-__--__--__
rad B i _------__--_--_._---
a)] = 2 - __-- .I.
S
h = 0-5 m ”
SOlution: | | : A ﬂg—] L]
0 . | I
ocC
o s ‘ S0
loc| h
—h |
13 1 ’ 2
1 =3ph™+ 5P (2a)" + p2ah
1 3/? 12'0( h
I 3 2
Iy = Sph” + p2ah Lo
Iy 00
T
Imat =| 0 12 0 Ioc = oc¢ Ipatoc
0 0 I3
rad
Guess 2=

S

743



Engineering Mechanics - Dynamics

0

Given  Ipad 0 |oc =Igcm>
2

Chapter 21

. rad
®y = Find(wy) ) = ~0.63—
0.00
rad
wroc =| —044 | —
s
0.44

Problem 21-37

The plate of weight 17 is subjected to force F which is always directed perpendicular to the face
of the plate. If the plate is originally at rest, determine its angular velocity after it has rotated one
revolution (360°). The plate is supported by ball-and-socket joints at 4 and B.

Given:
W =151b
F=81
a=04ft
b =121t
=322 ft
g =322~
S
Solution:

0 = atan (ﬁ)
b

RN

Lyp = 0.01121b-fi-s>

rad

Guess o=1—
s

Given Fa cos(@)(27z) = %IABa)

o = Find(a))

0 = 18.43 deg

4G

2

_j sin(6)?

2

rad

o= 584—

S
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Problem 21-38

The space capsule has mass m, and the radii of gyration are k, = k, and k. If it is traveling with
a velocity v, compute its angular velocity just after it is struck by a meteoroid having mass m,,
and a velocity V,,, = (v, d +wj +v K ). Assume that the meteoroid embeds itself into the capsule at

point 4 and that the capsule initially has no angular velocity.
Units Used:

Mg = 1000 kg

Given:

me =35 Mg  my = 0.60 kg
m

ky = 0.8 m vy = =200 —
S

m

ky, = 0.5 m vy, = —400 <

m m
vG =600 — vz =200 —

a=1m b=1m ¢c=3m

Solution:
Guesses
rad rad rad
oy =1— oy, =1— w, =1—
S S S
2
4 vy ky 0 0 oy
. 2
Given c | X|myl Vy=VvG [|=m 0 ky 0 y
-b
vz 0 0 K2\
Wx @ -0.107
. rad
wy | = Fmd(a)x, @y, a)Z) @y | = 0.000 o
@, w, -0.107

Problem 21-39

Derive the scalar form of the rotational equation of motion along the x axis when  # @ and the
moments and products of inertia of the body are not constant with respect to time.
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Solution:
In general
M = L (i + Hyj + HK)
dt

M = (H'i + HYyj + H2K) + Q x (Hyd + Hyj + HK)

Substitute Q = Qi + 0Q)j + 2k and expanding the cross product yields

M = (H'y - Q. Hy + Q H)i + (HYy — Qo Hy + Q. Hyj ...
+ (HY — QyHy + QO Hy)k

Substitute H,, H,, and H_ using Eq. 21 - 10. For the i component

d
My = _t (Ixa’x — Lyo), - ]xza)z) - Qz<1y0)y -1y, - Iyxa)x)
+ Qy(lza)z — Ixox — I;yo,

One can obtain y and z components in a similar manner.

*Problem 21-40

Derive the scalar form of the rotational equation of motion along the x axis when  # ® and the
moments and products of inertia of the body are constant with respect to time.

Solution:
In general
M = L (i + Hyj + HK)
de
M = (H'i+ HYyj + Hok) + Q x (Hyd + Hyj + HK)
Substitute Q = Qi + Q)j + 2k and expanding the cross product yields

M = (Hy - Q.Hy + Q Hy)i + (Hy - QuHy + O, Hy)j ..
+ (H, - Q@ Hy + QuHy)k

Substitute H,, H,, and H, using Eq. 21 - 10. For the i component

d
=My = (Lo — Lyoy — Lz0) - Lo, - L0, — Lyoy) .
+ .Qy(lza)z — Iy oy — Izyo,
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For constant inertia, expanding the time derivative of the above equation yields

SMy = (Lo — Ly@y — o) — 2Lyo, — Lo, — Lyaoy) ..
+ .Qy(lza)z — Dy — Izywy

One can obtain y and z components in a similar manner.

Problem 21-41

Derive the Euler equations of motion for Q # @ i.e., Eqs. 21-26.

Solution:
In general
M = i(Hxi + Hyj + H.K)
dt
M = (H'yi+ H'Yyj + HoK) + Q x (Hyd + Hyj + Hok)
Substitute Q = Q,i + Q) + 2k and expanding the cross product yields

M = (H'y — Q,Hy+ O Hy)i + (HYy — Qo Hy + Q. Hyj ...
+(HY - QyHy + QuHy)k

Substitute H,, H,, and H_ using Eq. 21 - 10. For the i component

d
SMy = <[ (Loy - Lyoy - L0:) — 2{Lyo, - L0, - Lyoy) .
+ .Qy(lza)z — Ixox — Iry0,

Set Iyy =Ly = Iy =0  andrequire Iy, 1y, I, to be constant. This yields
IMy = oy — L2 04+ 200,

One can obtain y and z components in a similar manner.

Problem 21-42
The flywheel (disk of mass M) is mounted a distance d off its true center at G. If the shaft is

rotating at constant speed @, determine the maximum reactions exerted on the journal bearings at A4
and B.
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Given:
M=40kg a=075m
d=20mm b =125m
rad m G
wo=8— g=981 — T
S 2 >

Solution:  Check both up and down positions

Guesses Ayp =1N By =1N

. 2
Given Ayp + Byp—-Mg =-Mdow

—Aypa+Bypb =0

» A (21325
(B J — Find(4y, Buyp) [ Buy ) \12705)
up P .
Guesses  Agown = I N Bgown = 1 N

. 2
Given Adown + Bdown —Mg =Mdo

—Adowna + Bdownb = 0

Adown Fi d(A 2 ) Adown (277.25) N
= ma{Adown > bdown =
Bdown Biown 166.35
Thus  Apmgy = max(Ayp, Adown) Apae =277 N
Bmax = maX(Bup,Bdown> Biax = 166 N

Problem 21-43

The flywheel (disk of mass M) is mounted a distance d off its true center at G. If the shaft is

rotating at constant speed @, determine the minimum reactions exerted on the journal bearings at 4
and B during the motion.
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Given:
M=40kg a=075m
d=20mm b =125m
rad m a
wo=8— g=981 — 2
S 2 ’

S

Solution:  Check both up and down positions -

Guesses Ayp =1N By =1N

. 2
Given Ayp + Byp—-Mg =-Mdow

—Aypa+Bypb =0

ty Aup) (21325
(B j:Fmd(Aup,Bup) [B “Li270s ) N
up v .

Guesses Adown = I N Bgown = I N

. 2
Given Adown + Bdown — Mg = Mdw

—Adowna + Bdownb = 0

Adown Fi d(A 2 ) Adown (277.25) N
= Fmd\ Adown > Bdown =
Bdown Biown 166.35
Thus  Apmip = min(Ayp. Adown) Apin =213 N
Bmin = min(BupaBdown) Bmm =128 N
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*Problem 21-44

The bar of weight W rests along the smooth
corners of an open box. At the instant shown,
the box has a velocity v=v;k and an

acceleration a = a ;K. Determine the x, y, z
components of force which the corners exert

on the bar.
Given:
W =41b a=2ft
ft
vi=5— b=1f1
S
5 ft Cc = 2 ft
aj = 5
S
Solution:
Guesses
Ay =11b By =11b
Ayzllb Byzllb
B,=11b
Given
Ay + B, =0
Ay + By =0
B,—W=—ay
g
—c By c Ay
! b B, | + b A 0
p— X —_ — X =
> y Y
—a B, a 0
Ay
4y

Bx = Find(Ax,Ay,Bx,By,Bz)

Chapter 21

Ay -2.12
= b
Ay 1.06

By 2.12
By [=|-1.06 |Ib
B, 425

750



Engineering Mechanics - Dynamics

Problem 21-45

The bar of weight ¥ rests along the smooth
corners of an open box. At the instant shown,

the box has a velocity v = v,j and an acceleration

a = a,j. Determine the x, y, z components of
force which the corners exert on the bar.

Given:
W =41b a=2ft
ft
vi=3— b=1t
S
ft Cc = 2 ft
= —6 —_—
a1 5
S
Solution:
Guesses
Ay =11b By =11b

A4y=11b By=11Ib

B, =11b
Given
Ay + B, =0
A, + B i
= —aj
y y g
B,—W=0
—C Bx C Ax
! b B +1 b A 0
p— X —_ — X =
2 Y12 Y
—a B, a 0
Ax
Ay
By | = Find(A4y, 4y, By, By, B) [
By
B,

Ax -2.00
= Ib
Ay 0.63

2.00
-1.37 |1b
4.00

Chapter 21
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Problem 21-46
The conical pendulum consists of a bar of mass m and length L that is

supported by the pin at its end A. If the pin is subjected to a rotation o,
determine the angle @that the bar makes with the vertical as it rotates.

Solution:

oy =0 oy =0 @y =0

SMy = Loy — (Iy - I) oy oy

_mg@ sin(6) = 0 (o : gmﬁ)(_wws(e))(m(e))

1 3
= —Lm2 cos(@) 0 = acos g2
3 2Lw

Problem 21-47

™ |0q

The plate of weight W is mounted on the shaft AB so that the plane of the plate makes an angle 6
with the vertical. If the shaft is turning in the direction shown with angular velocity @, determine
the vertical reactions at the bearing supports 4 and B when the plate is in the position shown.
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Chapter 21

Given:
W =201b [y
gi -
60 = 30 deg
rad
o =25 —
s
a = 18 in
b =18 1in
¢ =06in
Solution:
=== .
g\ 6 \ -
. N
[x L4 3
Iz:? Iy =1, + a b +
FA W FB
wy = a)sin(H) wy = —a)cos(ﬁ)
rad
w;, =0 —

Guesses Fyq=11b

Given Fy+Fp-W=0

0 Wx
0 =| oy
Fpb—-Fya @,
Fy
= Find(F 4, Fp)
Fp

Fp=11b

I, 0 0)f o
0 I, 0 @y
0 0 )\ w,

*Problem 21-48

The car is traveling around the curved road of radius p such that its mass center has a constant
speed v;. Write the equations of rotational motion with respect to the x, y, z axes. Assume that the

car’s six moments and products of inertia with respect to these axes are known.
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Solution:
Applying Eq. 21-24 with @, =0 ®y =0

a)—E oy =0, =0,=0
z X y_ zZ —
P

2 2
VG VG -
SMy = I, [—j =My, = Ly (—j IM; =0

P P

Note: This result indicates the normal reactions of the / p X, x
tires on the ground are not all necessarily equal.

Instead, they depend upon the speed of the car, radius

of curvature, and the products of inertia, /. and .

(See Example 13-6.)

Problem 21-49

The rod assembly is supported by journal bearings at 4 and B, which develops only x and z force
reactions on the shaft. If the shaft 4B is rotating in the direction shown with angular velocity @,
determine the reactions at the bearings when the assembly is in the position shown. Also, what is the
shaft’s angular acceleration? The mass density of each rod is p.

Given:
rad '
w=-5—
S
k
p =15 <&
m

b = 300 mm

¥
¢ = 500 mm T '
d = 400 mm
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Solution:

2 2 2
(a+b+0) 2 e 2 e
Ly p(a+b+c)f+pda +peE+p (a+b)" + By

(a+b+0? & ) (dY? )
IZZ:p(a+b+c)f+pdE+p a + > + pe(a+b)

2
e d e
I,y = pd— + pe— I, = pda— I, = pe(a+ b)—
yy = P 3 P 3 xy = P 5 vz pe( )2
Ly —Iy O 1.5500 —0.0600 0.0000
Imat = | <Ly Ly Iy Imat = | ~0.0600 0.0455 —0.0540 |kg-m”
0 Iy I 0.0000 —0.0540 1.5685
rad
Guesses Ay =1N 4, =1IN By=1N B;=1N o) =1—
S
Given
dd 2+ e |
-pd— e—m
Ay By 0 Pay pey @y
0 |+| 0 |- 0 = 0
Az B, pla+b+c+d+e)g d e 2
—-pd—a'y, — pe— o
P 5@y P 5
0 d
0 — 0 0 0 0
a+b+ec 2 ,
> 0 + X 0 wo = Imat| @y |+ | - | X|Imat] —®
a
0 —pla+b+0o)g 0 -pdg 0 0 0
0
0 0 By
a+b
X 0 +la+b+c|x| 0
e
Z _ 0 B
> preg z
Ax
Az
5 Find(Ax. s, Be. Bo, o) Ax L7 By 007911
= m ) D D sa)’ = =
* e e Re Ty 4, ) 1233 B, 12.3126
B
a)/y rad

S
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Problem 21-50

The rod assembly is supported by journal bearings at 4 and B, which develops only x and z force
reactions on the shaft. If the shaft 4B is subjected to a couple moment M, j and at the instant shown
the shaft has an angular velocity @ j, determine the reactions at the bearings when the assembly is in
the position shown. Also, what is the shaft's angular acceleration? The mass density of each rod is p.

Given:
rad
o =-5— ¢ = 500 mm
s
k z
p=15-2 d=1400mm
m

300 mm

a=500mm e

b=300mm g =981 — R 3

Mp = 8 N-m

Solution:

(a+b+c)2 ) ez 2 e 2
Ixxzp(a+b+c)f+pda +peE+p (a+b) +(Ej

(a+b+0?’ & ) (dY? )
Izz:p(a‘*‘b‘*‘c)fJdeE‘*P a + > + pe(a+ b)

e d e
Ly, = pd? +pe? Iy = pdaE Ly, = pe(a+b)5
Lix —Iy 0 1.5500 —0.0600 0.0000

Imat = | ~Ly Ly bz Imat = | —0.0600 00455 —0.0540 |kg-m”
0 Iy I, 0.0000 —0.0540 1.5685

d
Guesses Ay =IN A, =IN By=IN B,=IN o) =1~
S
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Given
dd 2+ ‘w
-pd— o e—
4.\ (B 0 pay @ Tren ey
0 [+] 0 |- 0 = 0
A, B, pla+b+c+d+eg d e 2
—-pd—ay, — pe— o
P 5 y =P >
0 d
0 — 0 0 0 0
a+b+ec 2 '
; % 0 + x 0 v =Imat| @y | +| —@ | X |Imat| —@
a
0 —pla+b+c)g 0 -pdg 0 0 0
0
0 0 By 0
a+b
+ x| 0 +la+b+c|x| 0 |[+]| My
= —peg 0 B, 0
Ax
Az
B Find(4y, 4, By, Bz, @) A N o TREN
X = I 5 5 5 ’a), = =
D ReEn Ty A, —0.66 B, 4.1977
B;
0)3} rad

a)'y = 201.7—2
S

Problem 21-51

The rod assembly has a weight density 7. It is supported at B by a smooth journal bearing, which
develops x and y force reactions, and at 4 by a smooth thrust bearing, which develops x, y, and z
force reactions. If torque M is applied along rod 4B, determine the components of reaction at the
bearings when the assembly has angular velocity @ at the instant shown.
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Given :
Ib
y=5— a=4ft d=2ft A
ft i
ft
M=501b-ft b =21t g:32.2—2 [f_?fj},‘,
s : '
d A .
=102 -2g M
S
i
Solution:
ol il
p="= —/ :
g ; u ( q
I b+ pad p+ @ |
yz = pPCOLZ + pac = h
2 2 ,,-f::'l.-'u ¥
| 2l

2 -
C Lo
IZZ = ,DC? +,0d62 !

1 ( +b)(a+b)2+ 62+ b2+ 62+ dd2+ 2+ b+d2
= a —_— C— —_ —_— C pu—
x = P 3 P B P 5 P D P >

I ( +b)(“+b)2+ b+ dd2+ db+d2
= p(a —— + pc — -
yy =P 3 P P D P >

Ly 00 16.98 0.00  0.00
Imat = | 0 Ly Iy Imat = | 0.00 1532 —2.48 |lb-ft-s”
0 Iy L. 000 —2.48 1.66

d
Guesses Ay =11 A, =116 A, =11 By=11b B, =11Ib azl%
S

Given
c
A, B, 0 —pcza—pdca
Ay | +| By | - 0 = 2 2
Y Y —pcﬁw —pdcw
A, 0 pla+b+c+dg

0
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0
0 By 0 0 0 0
0 |x|B, |+ % x| 0 | =Tmat 0| +] 0 |x|Iyat 0
a+b 0 b -pcg a 10} @
0
0 0
C
+ X 0 +| 0
b+ — —-pdg M
Ax
A
y
Ay -15.6
Az Find(4y, 4,, 4;, By, By, ) 4 46.8 |1b - 1250
= rm s 5 5 5 , =\ — . =
B, TRy mE ey 4 B, _46.4
A, 50.0
B
’ 30.19 24
a = 30.19 —
o SZ

*Problem 21-52

The rod 4B supports the sphere of weight . If the rod is pinned at 4 to the vertical shaft which
is rotating at a constant rate @ K, determine the angle & of the rod during the motion. Neglect the

mass of the rod in the calculation.

Given:
W =101b
rad
0 =7—
S
d =05 ft
[ =21t
=322 ft
g =322~
S
Solution: \
SN \
2 W\ () W
5750 : ’
& A

w
1] =13+ (—}lz
g
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Guess 8 = 50 deg
Given wi sin(&) = —(13 - I]) wcos(&)a)sin( 19)

0 = Find(6) 0= 70.8deg

Problem 21-53

The rod 4B supports the sphere of weight . If the rod is pinned at 4 to the vertical shaft which is
rotating with angular acceleration a K, and at the instant shown the shaft has an angular velocity
ak, determine the angle & of the rod during the motion. Neglect the mass of the rod in the

calculation.
Given:
W =101b
it
rad |
a=2—
2
S
rad
w=T7—
S
d=05ft
[ =2ft
=322 f
g = . 5 Fid] A
S il
Solution: (E

2w\ (d)?
I3 =—|—|| =
S5\g /\2
w
11—13+(—)12
g

Guess 6 = 50 deg

Given wi sin( 6’) = —(13 - I]) wcos(&)a)sin( 9)

0 = Find(6) 0= 70.8deg
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Problem 21-54

The thin rod has mass m,,,; and total length L. Only half of the rod is visible in the figure. It is rotating
about its midpoint at a constant rate €', while the table to which its axle 4 is fastened is rotating at
angular velocity @. Determine the x, y, z moment components which the axle exerts on the rod when
the rod is in position 6.

Given:
.1-
myod = 0.8 kg
L = 150 mm
rad
g =6 —
s
rad
o =2—
s
Solution:
L2
Iy = mrodﬁ
a)sin(H)
Dy = wcos(&)
g
a)sin(é’) w 6’005(9)
o= wcos(@) X Qy = —w@'sin(&)
0 0

M = Ipato + Oy X (Imat")v)

My 00 0 wé"cos(ﬁ) wsin(&) 00 0 cosin(@)
My |=|0 14 0 |x —0@sin(0) | +] wcos(0) [x|| 0 14 0 || weos(6)
M, 0 0 Iy 0 a 0 0 Iy g
M, 0 e 0

My | - 2140w sin( 6’) k| = -2l40®

M, %IA a)2 sin(2 H) ks %IA a)2
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M, =0
My, = kysin(6) ky = —0.036 N-m
M, = k;sin(2 6) k; = 0.0030N-m

Problem 21-55

The cylinder has mass m_ and is mounted on an axle that is supported by bearings at 4 and B. If the

axle is turning at @ j, determine the vertical components of force acting at the bearings at this

instant.
Units Used: z
KN = 10° N
Given:
me = 30 kg
a=1m
rad
o =-40 —
S
d=05m
L=15m
— 981 —
g =7 5
S
Solution:
6 = atan| —
L
I L2+mcd2 Li=1 I me (d)*
= m,— | — r = ’ P = —| =
x ‘12 4 \2 =0 Y22
1 0 0 Ly 001 0 0

Ig =10 cos(é’) —sin(é’) 0 I,y 040 cos(H) sin(H)
0 sin(é’) cos(@) 0 0 I;\O —sin(é’) cos(@)
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Guesses Ay =1N A4,=1IN By=1N B, =1N

Given

Ay By 0 0 By 0 Ay 0 0
0 [+] 0 |- O [=0 a | x +| —a |x =| -0 |x|Ig -
A, B, meg 0 B, 0 A, 0 0
Ay

Az Ax 0.00 Az 1.38

= Find(4y, 4z, By, B.) = = kN

By By 0.00 B, -1.09

B,

*Problem 21-56

The cylinder has mass m, and is mounted on an axle that is supported by bearings at 4 and B. If the

axle is subjected to a couple moment M j and at the instant shown has an angular velocity o j,
determine the vertical components of force acting at the bearings at this instant.

Units Used: kN = 10° N

Given: :
me = 30 kg d=05m y
b 2% Vi
a=1m L=15m 3
rad m
w=-40— g=981 —
S 2
S
M = -30 N-m
Solution:

0 = atan (ﬁ)
L

J L2+mc d2
= m,— _— —
. ‘12 4 2
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10 0 Le 001 0 0
Ig=1|0 cos(@) —sin(H) 0 5 0 o0 cos(&) sin(@)
0 sin(@) cos(@) 0 0 I,,)\0 —sin(@) cos(H)

rad
Guesses Ay =1N A4,=1IN B,=1IN B, =1N azl—z
s
Given
Ay By 0
0O [+] 0 1]-] O [=0
A, B, meg
0 0) (B« 0 Ax 0 0 0
M|+|al|x| 0 |+|—-a|x| 0 |=Ig a|+]| -0 |x|Ig| —®
0 0 B, 0 A 0 0 0
Ax
Az
5 Find(Ax., 42, B By, ) Ax 15.97 N Az 1.38 -
= rm 5 5 5 , = =
* vrEme T By -15.97 B, ~1.09
B,
@ rad

o =-20.65—

Problem 21-57

The uniform hatch door, having mass M and mass center G, is supported in the horizontal plane by
bearings at A and B. If a vertical force F is applied to the door as shown, determine the components
of reaction at the bearings and the angular acceleration of the door. The bearing at 4 will resist a
component of force in the y direction, whereas the bearing at B will not. For the calculation, assume
the door to be a thin plate and neglect the size of each bearing. The door is originally at rest.

Given:

M =15kg ¢ = 100 mm
F=30N d=30mm e

30 mm

a =200 mm e

m
b =150 mm g =981 —
S
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Solution: Guesses
, rad
Ay =1N 4,=1N 4, =1IN By=1N B;=1N a)y:1—2
S
Given Ay By 0 0
Ay |+ + 0 = 0
Ay B, F-Mg —wya
0
—a By —a Ay a—e 0 )
b><0+—b><Ay+b+c—d><O Mry
12
0 B, 0 A 0 F
0
Ax
A
Y
Ay 0
N Find(dy, Ay, Az, By Bz, 00y) | 4 0 |N b ° In
= 110 ) ) s s 7a)’ = =
B, oy fe B Be By ’ B, ~143
- 297
BZ
. rad
a”y a)y=—102—2
S

Problem 21-58

The man sits on a swivel chair which is

rotating with constant angular velocity @. He

holds the uniform rod 4B of weight W - F. =
horizontal. He suddenly gives it an angular

acceleration o measured relative to him, as

shown. Determine the required force and

moment components at the grip, 4, necessary

to do this. Establish axes at the rod’s center of B

mass G, with +z upward, and +y directed

along the axis of the rod towards A4.

Given:
rad
w=3—
S
W=51b
L =31t
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a=2ft
rad
a=2—
2
s
=322 fi
g = J<. 5
S
2
. WL
Solution: /g = ——
g 12
Guesses
Ay = 11b 4y =1 Ib
My =1 1b-ft M)y, =1 Ib- ft
Given
0
A} (o L) 2
Wila+—|ow
Ay +| 0 |=— 2
g
Ay -w £a
L 2
0 Ax M Ig 0 0
L
E X Ay + My = 0 0 O
0 A, M, 0 0 Ig
AX
Ay
AZ
y = Find(Ay, 4y, Az, My, My, M)
X
M,
M;

M, = 11bft

Chapter 21

0 Ig 0 0/0
0 [x 0 0 O 0
10} 0 0 Ig\w
Ax 0.00 My
A, 5.47 M,

-8.43

0.00 |Ib-ft
0.00

Problem 21-59

Four spheres are connected to shaft 4B. If you know mand m, determine the mass of D and F" and
the angles of the rods, 6,and 6 so that the shaft is dynamically balanced, that is, so that the bearings
at 4 and B exert only vertical reactions on the shaft as it rotates. Neglect the mass of the rods.
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Given:
mc = 1kg
mg = 2 kg
O = 30 deg
a=0.1m
Solution: We need to put the center of mass along AB

and to make the product of inetia go to zero.
Guesses mp = 1 kg mp = 1kg Op = 40 deg O = 10 deg

Given

mgacos(0g) — mp(2a) sin(Op) — mpasin(Gr) = 0
mca+ mp(2a) cos(@D) - mga sin(HE) + mpacos(ﬁp) =0
mcaa+ mp(2a)(2a) cos(HD) - mE(3a)asin<BE) + mp(4a)acos(6’F) =0

—~mp(2a)(2a) sin(0p) + mp(3a)acos(0g) — mp(4a)asin(F) = 0

mp

mp Find( o0, 61) mp 0.661 . fp 139.1 .
= Find\mp,mp, R = = ®
D> B0 BF. mp 1323) ° O 409 )5

*Problem 21-60

The bent uniform rod ACD has a weight density y, and is supported at 4 by a pin and at B by
a cord. If the vertical shaft rotates with a constant angular velocity o, determine the x, y, z
components of force and moment developed at 4 and the tension of the cord.

Given
_Slb
A
a=1ft
b =11t
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C=0.5ft o
rad

o =20 — -,
S

—322ft

8 =S4 2
S

i

Solution: p = z A
g

bZ
Iyy = pb ? M@
a2 2 LT
1;; = pa 5 + pba
b
IyZ = —pbaE
Ly 0 0

Guesses My, =1 lb-ft Ay =11b A, =11b

M, =1 1b-ft 4y, =11b T=11b
Given
Ax 0 0
a
4y + 0 = —paEa) —pbaw
A, - T —y(a + b) 0
a
—7a5—7/ba—Tc 0 0
=10 |x[IAl O
M,
10} 1)
MZ

768
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Ax
Ay Ax 0.0
A A -93.2 My, 0.00
" | = Find(Ay, 4y, 45, T, My, M) aF Ib - ( jlb-ft
T A 57.1 M, 0.00
MZ

Problem 21-61
Show that the angular velocity of a body, in terms of Euler angles ¢, @and ymay be expressed as

® = (¢'sinfsiny + & cosy) i + (¢ sinfcosy— @ siny) j + (¢ cosf+ y) Kk, where i, j, and k
are directed along the x, y, z axes as shown in Fig. 21-15d.

Solution:
From Fig. 21 - 155, due to rotation ¢, the x, y, z components of ¢’ are simply ¢’ along z axis

From Fig. 21 - 15¢, due to rotation 6, the x, y, z components of ¢'and @ are ¢’ sinfin the y
direction, ¢’ cos@in the z direction, and & in the x direction.

Lastly, rotation y; Fig 21 - 15d, produces the final components which yields

o = (¢’ sin(@) sin( l//) + H'COS(U/))i + (¢’ sin(H) cos(t//) - 6"sin( l//))j + (¢’c0s(9) + l//)k QE.D

Problem 21-62

A thin rod is initially coincident with the Z axis when it is given three rotations defined by the Euler
angles ¢, 6, and . If these rotations are given in the order stated, determine the coordinate direction
angles ¢, f, y of the axis of the rod with respect to the X, Y, and Z axes. Are these directions the
same for any order of the rotations? Why?

Given:
¢ = 30 deg
0 = 45 deg
v = 60 deg
Solution:
cos(¢) —sin(¢) 01 0 0 cos(://) —sin(t//) 030
u = sin(¢) cos(¢) 01/ 0 cos(@) —sin(@) sin(z//) COS((//) 01/ 0
0 0 1)\ 0 sin(H) cos(H) 0 0 1)\1
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a a 69.3
B|= acos(u) B | =1 1278 |deg
y y 45.0

The last rotation () does not affect the result because the rod just spins around its own axis.

The order of application of the rotations does affect the final result since rotational position is not a
vector quantity.

Problem 21-63

The turbine on a ship has mass M and is mounted on bearings 4 and B as shown. Its center of mass
is at G, its radius of gyration is k, and k, = k. If it is spinning at angular velocity @, determine the

vertical reactions at the bearings when the ship undergoes each of the following motions: (a) rolling
@, (b) turning ,, (c) pitching w;.

Units Used: Y
kN = 1000 N

Given:

M = 400 kg ke = 0.5m

rad
w =200 — k; = 03 m
S
d — e e o
o =025 4=08m ¢ | —— 0y ™,
S
rad b = 13 m
wy = 0.8 —
S
rad
w3 =14 —
S
Solution:
K2 0 0
Ic=M 0 kK> 0
0 0 k°
Guesses

Ay =1N 4, =1N

=1N

(s3]
=

Il

z
\gc
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(a) Rolling Given
Ay By 0 0
Ay |+| By |+| Mg |=]|0|N
0 0 0 0
0 Ax 0 By 0 0 0
0 (x| 4, |+ o x| B =1g 0| +|0 [x|1g] 0
X X = _— X
y v G > G
b 0 —a 0 0) % 0] w
Ax
4y . Ay 0.00 4y 1.50
= Find(4y, 4y, By, B)) = kN = kN
By By 0.00 B 2.43
By
(b) Turning Given
Ay By 0 0
Ay |+| By |+| Mg |=]|0|N
0 0 0 0
0 Ax 0 By W) 0 0
0 x| 4y |+ 0 |x|By,|=Ig] 0 +| @2 | x|Ig| @2
b 0 —a 0 0 ) w
Ax
Ay , Ay 0.00 Ay -1.25
= Find(4y, 4y, By, B)) = kN = kN
B, B, 0.00 B, 5.17
By
(c) Pitching Given
Ax By 0

0
Ay |+ | By |+| Mg |=|0|N
0 0 0 0
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0 Ay 0 By 0 3 3

0 |x] 4y |+ 0 |x|By|=Ig| —@w3 |+ 0 [x|Ig| 0

b 0 —a 0 0 w @

Ay

Ay . Ax —4.80 Ay 1.50

= Find(A4y, 4y, By, B)) = kN = kN

B, B, 4.80 2 2.43

By

Chapter 21

*“Problem 21-64

An airplane descends at a steep angle and then levels off horizontally to land. If the propeller is

turning clockwise when observed from the rear of the plane, determine the direction in which
the plane tends to turn as caused by the gyroscopic effect as it levels off.

Solution:

As noted on the diagram M represents the effect of the plane on the

propeller. The opposite effect occurs on the plane. Hence, the plane
tends to turn to the right when viewed from above.

Problem 21-65

The propeller on a single-engine airplane has a mass M and a centroidal radius of gyration k;

computed about the axis of spin. When viewed from the front of the airplane, the propeller is turning
clockwise at @, about the spin axis. If the airplane enters a vertical curve having a radius p and is

traveling at speed v, determine the gyroscopic bending moment which the propeller exerts on the

bearings of the engine when the airplane is in its lowest position.
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Given:

M = 15kg —h.\‘

\
kG =03 m \
",
\
km A
v =200 — M,
hr N
Fel
rad
wg = 350 — N
s \
\".
\".
p =80 m \.\.
S
\".
Solution: \\“mh ;:3 e
e .
P
2

M, = (MkG ).an)s

M, = 328 N-m
Problem 21-66
The rotor assembly on the engine of a r-"l #
jet airplane consists of the turbine,
drive shaft, and compressor. The total y
mass is m,, the radius of gyration about 4 == g

the shaft axis is k5, and the mass

center is at G. If the rotor has an
angular velocity @,, and the plane is

pulling out of a vertical curve while
traveling at speed v, determine the
components of reaction at the bearings
A and B due to the gyroscopic effect.

Units Used:
KN = 10° N
Given:
m; = 700 kg
kqp = 035 m
rad
wyqp = 1000 —
S
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p = 1.30 km
a=08m
b=04m
m
y =250 —
s
) 2 v
Solution: M = myky " 0 p—
)

Guesses A=1N B=1N

A A 13.7
Given Aa—-Bb=M A+B=0 = Find(4, B) = kN
B B —13.7

Problem 21-67

A motor has weight /7 and has radius of gyration &, about the z axis. The shaft of the motor is
supported by bearings at 4 and B, and is turning at a constant rate @, = @w.k, while the frame has an
angular velocity of @, = @j. Determine the moment which the bearing forces at 4 and B exert on the
shaft due to this motion.

Given: "
W =501b
k; = 0.2 ft
rad
w, = 100 —
S
rad
oy, =2 —
Y S
a =05 ft
=322 ft
g = J4. 5
S
Solution:
0
0 12.4
0
M=| o |x M=| 0.0 |Ib-ft
w
0 (—)kzza)z 0.0
g
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*Problem 21-68

The conical top has mass M, and the moments of inertia are /, = I, and Z.. If it spins freely in the

ball-and-socket joint at 4 with angular velocity @, compute the precession of the top about the axis of

the shaft AB.
Given:
M = 0.8 kg a = 100 mm
-3 2
I, =3510 " kgm 0 = 30 deg
L =08x10 > kgm® g-= 9.8122
s
rad
wg = 750 —
s
Solution: Using Eq. 21-30.

My = —Iy ¢'2 sin(@) cos(@) + 1,4 sin(&)((/ﬁ’cos(ﬁ) + l//)

d
Guess ¢ =1 e :
S

Given Mg sin( H)a = -1y ¢’2 sin( 6’) cos(ﬁ) + 1,4 sin(ﬁ)(gﬁ’ cos(ﬁ) + a)s)
) rad .
¢ = F1nd(¢’) ¢ =131— low precession
S

rad
Guess ¢ = 200—
s

Given Mgsin( H)a = -1y ¢’2 sin( 6’) cos(H) + 1,4 sin(H)(¢’ cos(@) + a)s)

¢ = Find(¢’) ¢ =255 rad high precession
s

Problem 21-69
A wheel of mass m and radius  rolls with constant spin @ about a circular path having a radius a. If

the angle of inclination is €, determine the rate of precession. Treat the wheel as a thin ring. No
slipping occurs.

775



Engineering Mechanics - Dynamics Chapter 21

Solution:
) .. a+ rcos(@)
Since no sipping occurs, ry =a+ rcos(0)¢' v=——"7"7-1¢
B
(ag?)
Also, w=4¢+vy F=m\ag N-mg=20
2
L=1,=22 L =mr
x =1y 5 z
w = ¢'sin(6’)j + (—1// + ¢’cos(9)k
Thus, wy =0 oy = ¢ sin(&) w,=-y+¢ cos(&)
@ = ¢ x v = ¢ ysin(0)
'y = —¢' l//sin(ﬁ) oy = a7 =0
Applying
SMy = Lo + (I — L) oz 0,
2
Frsin(@) - Nrcos(H) = %(—qﬁ’ t//sin(H)) + [mr2 - %j(—l// + 4 cos(@))(qﬁ’ sin(é’))

Solving we find

mag*rsin(0) — mgreos(6) = (_';rzjﬁz sin(H)(a hl ”cos(g)j _ [m’"z](ﬁj #7sin(0)

r r

2gcos(6) = ag” sin(6) + r¢” sin(6) cos(6) ¢ = jW cotld
a+ rcos(H)

Problem 21-70

The top consists of a thin disk that has weight # and radius 7. The rod has a negligible mass and
length L. If the top is spinning with an angular velocity ,, determine the steady-state precessional

angular velocity @,.
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Given: y --_-_-----'"“H
W =8lb 0 = 40 deg , \ M\\\
/ o i B S
= ft f -’fﬁ%h"-—ﬁf ]
r=023ft g =322 ~ _a';,-’: -
g . ? -I..f_a. J
rad gy a,!
L=05ft wg = 300 — 5 | o /8
; L tH
|7

Solution: s

M, = —1¢’2 sin(é’) cos(H) + L4 sin(6’)(¢’ cos(@) + !//)

Guess wp = 1] — Given

wLsin(6) - _{@@ . (%VH 0, sin(6) cos(0) + @Gj 0y sin(0)( 0y cos(6) + )

) rad ) .
wp = Flnd(a)p) wp =121 ~ OW precession

rad .
Guess wp = 70 — Given

s
/4 r2 W\ 2 2 w r2
WL sin(&) = — (E) : + (EJL @p sin(é’) cos(H) + (g) ? p sin(H)(a)p cos(&) + ws)
wp = Find(a)p) wp =763 @ high precession
S

Problem 21-71

The top consists of a thin disk that has weight W and radius r. The rod has a negligible mass and
length L. If the top is spinning with an angular velocity @,, determine the steady-state precessional

angular velocity @,
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Given:
W =281Ib 60 = 90 deg
r=03ft g=32 L%
2
S
rad
L =051t wg = 300 —
S
Solution:

SM, = 147 sin(6) cos(6) + L¢'sin(0)(# cos(6) + 1)

WLsin(6) - _{@Gj . @LZ} 0, sin(6) cos(6) + @@ wpsin( )y cos(6) + o)

op = Find(a)p) wp = 1.19%

*Problem 21-72

The top has weight # and can be considered as a solid cone. If it is observed to precess about the
vertical axis at a constant rate of @,, determine its spin ;.

Given:

W =31b

wy=5£d
s

0 = 30 deg

L =61n

r=151in

g:32.2E
2
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Solution:

3
I; =

2

3
I=—V—V(4r +L
80\ g

(2]

Chapter 21

*a

W\ 2
—|— |7
10\ g

My =-1 ¢’2 sin( 19) cos(ﬁ) + 1,4 sin(ﬁ)(¢’ cos(ﬁ) + 1//)

W% sin( 0) =-/ a)y2 sin( 49) cos(H) + Loy sin( 0)(wy cos(@) + y/)

11 3WL+ 4Ia)y2 cos(@) - 4IZa)y2 cos(H)

4 Lo,

d
W = 65222
S

Problem 21-73

The toy gyroscope consists of a rotor R which is attached to the frame of negligible mass. If it is
observed that the frame is precessing about the pivot point O at rate @), determine the angular velocity

@y, of the rotor. The stem O4 moves in the horizontal plane. The rotor has mass M and a radius of
gyration k,, about OA4.

Given:
5 rad
w, =2 —
p S
M = 200 gm
ko4 = 20 mm
a = 30 mm
- 9.81 —
g =" 5
S
Solution:
XM, = IZ.an)Z
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Mga = MkOAzwpa)R

ga

wp = ———
R 2

ko4~ wp

d

wp = 368 22
S

Chapter 21

Problem 21-74

The car is traveling at velocity v, around the horizontal curve having radius p. If each wheel has mass
M, radius of gyration k about its spinning axis, and radius 7, determine the difference between the
normal forces of the rear wheels, caused by the gyroscopic effect. The distance between the wheels

isd.
Given:
km
ve = 100—
hr
p =80 m
M = 16 kg
Solution:
1= 2Mk(;2
Ve
a)s = —
r
Ve
W = —
P
Vol
M = losw,
AFd = laswp

kg = 300 mm
r = 400 mm
d=13m
2
I =2.88kgm
rad
wg = 69.44 —
S
rad
a)p =0.35 T
w
AF = [wg—
d

AF =534 N
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Problem 21-75

The projectile shown is subjected to torque-free motion. The transverse and axial moments of inertia
are / and /_ respectively. If Orepresents the angle between the precessional axis Z and the axis of

symmetry z, and /3 is the angle between the angular velocity @ and the z axis, show that fand fare
related by the equation tan 6= (I/,)tan S.

Solution:
H¢sinl 6 H 9
FromEq.21-34 o, = ﬂ() and o= M
1 I,
) I
Hence Y _ =z tan( 9)
w, 1
However, oy = a)sin(ﬂ) and w; = a)cos(ﬁ)
@ 1
— — tan(p) = < tan(6)
Wz I
I
an(6) = L tnl ) 0ED
z

*Problem 21-76

While the rocket is in free flight, it has a spin @, and precesses about an axis measured angle € from

the axis of spin. If the ratio of the axial to transverse moments of inertia of the rocket is 7, computed
about axes which pass through the mass center G, determine the angle which the resultant angular
velocity makes with the spin axis. Construct the body and space cones used to describe the motion.
Is the precession regular or retrograde?

Given:
rad
oy =3 —
S
6 = 10 deg
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1
r=—

15
Solution:

Determine the angle £ from the result of prob.21-75

t
tan(H) = an(,b’)
B
spin axis A
body cone
precession axis
& - space cone
p = atan(rtan(&)) f = 0.673 deg
Thus,
a=0-p a = 9.33 deg

Regular Precession ~ Since [, <[

Chapter 21

Problem 21-77

The projectile has a mass M and axial and transverse radii of gyration k_ and k,, respectively.

If it is spinning at @, when it leaves the barrel of a gun, determine its angular momentum.

Precession occurs about the Z axis.

Given:
fn, ~
M=09k ¢ rad - AQr—
S - k
k- = 20 mm (S = ; Z
60 = 10 deg _____-f-*"f -
ky = 25 mm T g
Solution:
1= Mk? I=5625%10 *kgm’
I = Mk® L = 3.600 x 10 *kg-m?
Y = g
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11,

W= [1 _ IZ]chos(H)

1 ke- 2
HG = yl — Hg = 6.09 x 10> 22
cos(@)(]—]z) S

Problem 21-78

The satellite has mass M, and about axes passing through the mass center G the axial and
transverse radii of gyration are k. and £,, respectively. If it is spinning at @, when it is

launched, determine its angular momentum. Precession occurs about the Z axis.

Units Used:
Mg = 103 kg
Given:
M = 1.8 Mg
k; = 0.8 m
kt =12m
Solution:
I = Mk? I = 2592kg-m’
I = Mk> I = 1152kg-m”
Y = o
1-1,
= Hgceos( 8
=[5 st
HG = v L Hg=125M m’
¢ cos(@)([— IZ) G - e S

Problem 21-79

The disk of mass M is thrown with a spin @.. The angle @is measured as shown. Determine the
precession about the Z axis.
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